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Let G be an abelian group of order n. The critical number ¢(G) of G is the smallest s
such that the subset sums set X'(S) covers all G for each subset SCG\ {0} of cardinality
|S| > s. It has been recently proved that, if p is the smallest prime dividing n and n/p is
composite, then ¢(G)=|G|/p+p—2, thus establishing a conjecture of Diderrich.

We characterize the critical sets with |S|=|G|/p+p—3 and X(S)=G, where p>3 is
the smallest prime dividing n, n/p is composite and n>7p*+ 3p.

We also extend a result of Diderrich and Mann by proving that, for n>67, |S|>n/342
and (S) =G imply X(S)=G. Sets of cardinality |S|> 2t for which X(S)#G are also
characterized when n >183, the smallest prime p dividing n is odd and n/p is composite.
Finally we obtain a necessary and sufficient condition for the equality X(G)=G to hold
when |S|>n/(p+2)+p, where p>5, n/p is composite and n > 15p°.

1. Introduction

Let G be a finite abelian group of order |G| > 3, and let S be a subset of
non-zero elements of G. A subset sum is the sum of distinct elements of a
non-empty subset of S. As usual, we write

DS ={> e | acs a0},

€A

for the set of all subset sums of S.
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If |S|=|G|—1 then clearly
(1) 2(5) =a,

that is, the subset sums of S cover G. The critical number of G, denoted by
¢(@), is the smallest s such that (1) holds for every subset SCG\{0} with
cardinality |S|=s.

The subgroup generated by a subset S of G will be denoted (S). The
additive group of integers modulo n will be denoted by Z, and the letter p
will always denote a prime number.

The study of the parameter ¢(G) stems from the 1964 work of Erdés and
Heilbronn [4] on the case G=Z,. They showed that if S is a set of non-zero
elements of Z, with |S| > 3,/6p, then the subset sums of S, together with
0, cover Zy,. This was improved by Olson [14] to ¢(Z,) <+/4p—3+1. Much
later, in 1994, Dias da Silva and Hamidoune [1] obtained the following result,
which is essentially best possible:

Theorem A. Ifp is an odd prime then
c(Zy) < \/A4p—T.

The evaluation of ¢(G) for groups with composite order was first consid-
ered in 1967 by Mann and Olson. They obtained the inequality c¢(Z,$Z,) <
2p—1 in [12]. Mann and Wou [13] give the exact value for this case.

Theorem B. If p is an odd prime then
c(Zy @ Zyp) =2p — 2.

In 1971 Diderrich and Mann [3] obtained the following theorem which
determines ¢(G) when |G| is an even composite number.

Theorem C. Let G be an abelian group of order 2h, where h>1. Then

(G)— h ifh>5o0rG="%7Zy®Zo® Zo
¢ | h+1 otherwise

Diderrich [2] proved in 1975 the following inequalities when |G| is the
product of two primes.

Theorem D. Let G be an abelian group of order pq, where p and q>p are
primes. Then

ptqg—2<c(G)<p+q-1
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For |G| composite, let p be the smallest prime dividing |G| and write
|G| =ph. In Theorems B, C and D above, the smallest of the possible values
of ¢(GQ) is p+ h—2. The only case not covered by these theorems is when
p>2 and h is composite. Diderrich conjectured in the same paper [2] that
in this case we must have ¢(G)=p+ h—2. This conjecture was studied by
Peng [16] and, more recently, by Lipkin [10] and by various combinations of
the present authors [5,9].

Finally, in 1999, Gao and Hamidoune [6] proved Diderrich’s conjecture for
all odd primes. Combining this result with Theorem C we have the following
theorem.

Theorem E. Let G be an abelian group of order ph, where p is the smallest
prime dividing |G| and h is composite. If p=2, h=4 and G # Zo ® Lo ® Lo,
then ¢(G)=5. In all other cases we have

c(G)=p+h-—2.

In this paper we extend and complement the results mentioned above by
giving conditions for the equality (1) to hold when |S| is smaller than ¢(G).

Let G be an abelian group of order n. In Section 3 we show that, for
n>67 and |S|> % +2, Y(9)=G if and only if S generates . This extends
a result of Diderrich and Mann [3], also obtained by Griggs and Poonen [7]
which states that, for n even and at least 10, ¢(G) <n/2.

For groups with odd order, we shall prove sharper results. Let G be an
abelian group of odd order n=ph, where p>3 is the smallest prime dividing
n and h is composite. In Section 3 we characterize the sets S with |S|> %ﬂ
and X(S)# G when n>183. In section 4 we characterize the sets with the
critical cardinality

|IS|=h+p—3and X(5)#G

when p>5 and n > 7p%.
In section 5, we obtain a corresponding result if

n
Sl > —
||_p+2+n

when p>5 and n > 15p?.

2. Some tools

Recall the following well-known and easy lemma.
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Lemma 2.1. Let G be a finite group. Let X and Y be subsets of G such
that X +Y #G. Then |X|+|Y|<|G]|.

We use also the Cauchy—Davenport Theorem, see for instance [11, Corol-
lary 1.2.3].

Theorem 2.2 (Cauchy-Davenport). Let p be a prime number. Let X
and Y be non-empty subsets of Z,. Then |X +Y|>min(p,|X|+|Y|—1).

For convenience we summarize the Theorems stated in the Introduction
in the following result.

Lemma 2.3. Let G be an abelian group with order n=ph, where p is the
smallest prime dividing n and h>1. Let S be a subset of G\ {0} such that
|S|=h+p—2+6(h), where 6(h) =1 if h is a prime or h=4 and 6(h) =0
otherwise. Then X(S)=G.

Proof. If h is a prime, the result follows from Theorem D. If h is composite,
it follows from Theorem E. |

Let G be an abelian group and S C G\{0}. For technical reasons we shall

deal with
o) ={>= | Tcs},
zeT

so that X (S)=2X(S)U{0}. The following result proved by Olson [15] shows
that Xo(5)=2X(S) for |S|>3/|G|.

Lemma 2.4 (Olson [15]). Let S be a subset of an abelian group G of
order n. If |S| >3+/n then 0€ X(95).
Let BCG and x€G. As usual, we write
Ap(z) = |(B + )\ B.

Let S be a nonempty subset of G\ {0} and y€ S. Put B=X(S). Olson
[14] proved:
(2) [20(9) = [Xo(S\ »)[ + A (Y)-

We shall use also the following result of Olson.
Lemma 2.5 (Olson [15]). Let G be an abelian group and let S be a
generating subset of G such that 0 ¢ S. Let B be a subset of G such that
|B| < @ Then there is x €S such that
|B| + 1 |SU—S|+2>

2 4 ’

(3) Ap(x) > min(
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This result follows by applying Lemma 3.1 of [15] to SU-S.
We use the following lemmas:

Lemma 2.6 ([8]). Let S be a subset of an abelian group G with 0 ¢ S.
Then

|X0(S)| > min(|G| — 1,2[S] — 1).
Moreover, if SN—S=(), then |Xy(S)|>2|S]|.

Lemma 2.7 ([9]). Let S be a subset of an abelian group G such that 0¢ S
and 14 <|S|. Then one of the following conditions holds:

(i) 1Z0(8) = min(|G| - 3,3]5] - 3)

(ii) There is a subgroup H #G such that |SNH|>|S|—1.

Let X be a subset of G with cardinality k. Let {x1,...,2} be an ordering
of X. For 0<i<k, set

Xi={x; | 1<j<i}and B; = 5p(X;).

The ordering {z1,...,zx} is called a resolving sequence of X if, for each
i=1,...,k,

A, (2i) = max{Ap, (z;) | 1<j<i}.

The critical index of the resolving sequence is the largest integer ¢ €
[1,k+1] such that X; 1 generates a proper subgroup of G. Clearly, every
nonempty subset S has a resolving sequence.

We need the following basic property of resolving sequences which is
implicit in [6].

Lemma 2.8. Let X be a generating subset of an abelian group G such that
XN=X=0 and 2|Xy(X)|<|G|. Let the ordering {x1,...,zx} be a resolving
sequence of X with critical index t. Then, there is a subset V C X such that
|[V|I=t—1, (V)#G and

(X[ + VI +5) (X[ - [VI-1) -2

(4) [Zo(X)] = 4V + 1

Proof. This is essentially formula (4) of [6]. By using inequality (2) we have
| Xo(X)| = )\Bk(xk) +- A (@t41) + | Bl

By Lemma 3 we have Ap, (z;) > [Z51] for each i >¢. On the other hand, by
Lemma 2.6, we have |B;_1| > 2(t—1). By the definition of ¢, we then have
|B¢| > |Bi—1]+ vt + Bi—1| =2|Bi—1| > 4(t — 1). By taking V = X;_1, we have
the claimed inequality. ]

The following Lemma provides a class of sets whose subset sums do not
cover the host group.
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Lemma 2.9. Let G be a finite abelian group with order n. Let H be a
proper subgroup of G and S a subset of G\ {0}.
If Xo(S\H)+ H #G then
(i) SolS) £G.
(ii) If |G|/|H| is a prime, then
Gl

S\ H| < —
S\ HI <

Moreover, if |S\ H|= % —2>0, then there is y¢ H such that

H
SCHU(({y+H)U(-y+H).

Proof. We have X (S)#G, since otherwise
G=Xy(8)=2X0(SNH)+2y(S\H) CH+Xy(S\ H).

Assume now that ¢=|G|/|H| is a prime and S¢ H.

By T we shall mean ¢(x), where ¢:G— G/H is the canonical morphism.
Put S\ H ={ai,...,a;}. From our assumption we have Xy(S\H) # G/H.
By the Cauchy—Davenport Theorem,

[20(S\ H)| = [{0,@1)} +--- 4+ {0,a5}| > min(g, j + 1),

It follows that j<qg—2.

Assume now j = g — 2. If there is 7 such that @; ¢ {a7,—a7}, say i =2,
then [{0,a1} + {0,az}| = 4. By the Cauchy-Davenport Theorem, |[{0,a7}+
-+-+{0,a5—2}| >3+ min(g,q—3). This contradiction proves the last part of
the Lemma. |

3. Subsets with cardinality > |G|/4

Suppose that G is an abelian group of order n > 3 and let S C G\ {0}
with |S| > n/3+2. If n is a prime number then |S| > |\/4n—7| and, by
Theorem A, X(S)=G. If n is composite with smallest prime divisor p > 3,
then |S|>n/p+p—1 and, by Theorems D and E, we also have X'(S)=G.
We next show that these results can be extended to all abelian groups of
order n>67.

Theorem 3.1. Let G be an abelian group of order n > 67 and let S be a
subset of G\{0} such that |S|> 5+2. Then X(S)=G if and only if (S)=G.



COVERING A FINITE ABELIAN GROUP BY SUBSET SUMS 605

Proof. Suppose first X'(S)=G. Since X'(S5) C(S), we have (S)=G.

Suppose now (S)=G.

Assume first that there is a subgroup H # G such that |[HNS|>|S|—3.
Since |H|>n/3 we have |G|=q|H| with q € {2,3}. Choose a € (SNH) and
set S1 = (SNH)\{a}. Since n > 24 we have |S1| > (n/2)/2 > |H|/2. By
Lemma 2.6, |Xy(S1)|>|H|—1 and, by Lemma 2.1,

Yo(SNH)=Xy(S1)+{0,a} = H.

Since S generates G we have |S\ H| >1 and, if ¢=3, then |S\ H|>2.
By Lemma 2.9 (ii) we have G=Xy(S\H)+ H=Xy(S\H)+ Xy(SNH), a
contradiction.

So we may assume that, for every subgroup H#G, |[HNS|<|S|—4. We
may choose distinct elements x,2’ € S, such that x # —2’. By Lemma 2.7,
| X0(S\{z,2'})| >min(n —3,3|S|—9)=n—3. By Lemma 2.1, we have again
So(8) = So(8\ (1,2’ }) +{0,2,2" 2 +4'} =G

Since n > 67, Lemma 2.4 implies Xy(S) = X(S). This completes the
proof. ]

The next result improves Theorem 3.1 for groups with odd order.

Theorem 3.2. Let G be a finite abelian group of order n>183. Assume 2
composite, where p> 3 is the smallest prime dividing n. Let S be a subset
of G\{0} such that |S|> "t Then the following conditions are equivalent.
(i) X(S)#G.
(ii) There is a subgroup H of order % such that |S\ H|<1.

Proof. Obviously, (ii) implies (i).

Suppose X' (S)#G. Since n>121 we have |S|>3/n and, by Lemma 2.4,
2(9)=2o(9).

Set k = L'—gu We shall show that there is X C S such that |X| =k,
XN—X=0 and
(5) 2| Xo(X)] < n.

Let S’ be a subset of S such that |S’| = 2k. Clearly we may partition
S’ = XUZ such that |X|=|Z] =k and XN—-X = ZN—-Z = (. Since
>0(S) # G, we have by Lemma 2.1, |Xo(X)|+ |Xo(Z)| < n. Therefore, we
may assume that X verifies (5).

Suppose that (X)=G. By Corollary 2.8 there is V C X such that (V)#G
verifying (4). Put v=|V|.

By (5) and (4), we have

16v+ (k—v—1)(k+v+5)—2n—-2<0.
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Since k > |S‘T_1 > g, we have 16v + (g —v—1)(g+v+5)—2n—-2 < 0.

Therefore
v? —10v — (1/64)n* + (3/2)n +7 >0

It follows that either v < 5 — %\/n2 —96n+1152 or v
%\/n2—96n+ 1152. Since v > 0 and n > 184, we have v
§V/nZ—96n+1152> 2 +1.

Let H be the subgroup generated by V. Since |H|>2|V|4+1>2n/9 and n
is odd, then |G|/|H|=3. Let p’ be the smallest prime dividing |H|. We have
[V|>5+1. Hence, |V|> 2 +p' —1> %'—i—p’—l. By Lemma 2.3, X(V)=H.

We have Xo(S\ H)+ H # G, since otherwise G = Xo(V)+ Xo(S\ H) C
Yo(S)=2X2(S). By Lemma 2.9, |S\ H| <1. This proves (ii) in this case.

Suppose that X generates a proper subgroup H of G. Since |H|>2|X |+
1>n/4 and n is odd we have |H|=n/3. Let p’ be the smallest prime dividing
|H|. We have | X[>(|S|-1)/2>n/8> J+p'—1. By Lemma 2.3, Xo(X)=H.
By Lemma 2.9, |S\ H|>1. This completes the proof. |

5 +
5+

>
>

4. Extremal sets

In this Section we shall determine the structure of the sets S C G\ {0} for
which X' (S)#G and S has the critical cardinality h+p— 3, where |G| =ph
and p is the smallest prime dividing |G|. By Theorem 3.2 we only need to
consider the case when p>5.

Theorem 4.1. Let G be a finite abelian group with order n = ph, where
p>5 is the smallest prime dividing n. Also assume that h is composite and
h>Tp+3. Let S be a subset of G\ {0} such that |S|=h+p—3. Then the
following conditions are equivalent.

(i) (8) £G.
(ii) There are a subgroup H of order h and y¢ H such that

(H\{0}) CSand SCHU(y+H)U(-y+ H).

Proof. Obviously, (ii) implies (i).
Suppose X(S)#G. By Lemma 2.4, |S|?>9ph implies X(S) = (S).
Set k(n)=(|S|—-1)/2= %52 — 2. We shall write sometimes k instead of
We shall show that there is X C .S such that | X|=k, XN—X=0 and

k
(6) 2@MXM+§+1§n
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Clearly, we may partition S = U UV such that |[U| =|V|—1=k and
UN—-U=VN-V=0. We consider two cases.

Case 1. |Y(V)|<5.

Put C'=Xy(V). By (3), there is y € V such that Ac(y) > &2, Then (2)
implies | Zo(V)| > |Xo(V\{y})|+5+1.

Since G # Xo(S) = Xo(U) + Xo(V) we have, by Lemma 2.1, |Xo(U)| +
[Zo(V\{yhl+5+1<n.

Case 2. | Xy(V)|> 5.

By Lemma 2.1, [Xo(U)|< 5. Put E=X,(U). By (3), there is y €V, such
that Ag(y) > % Therefore, | Xo(UU{y})|=|20(U) |+ e(y) > |EO(U)|+§+1.

By Lemma 2.1, G# Xy(S)=Xo(UU{y})+ Zo(V\{y}) implies | Xo(U)|+
SO\ b+ b+ 1<,

In both cases, one of the sets U,V '\ {y}, verifies (6). Let us denote this
set by X.

We have [(X)|>[XU—-XU{0}|=2k+1=2+p—3. Therefore X generates
G.

By Corollary 2.8, there is V' C G such that (V) # G verifying (4). Put
v=|V|.

Set
(k(n) +v+5)(k(n) —v—1)+ k(n)

2

1
= 5(—1)2 + 10v 4 k*(n) + 5k(n) — 2n — 5).

By (6) and (4), we have

F(v,n) =8v—n+

(7) F(v,n) <0.
Let us show that v>5. Suppose on the contrary that 0 <v<4. We have

2
%F(v,n) = % > 0. Therefore, since n > 7p?, we have 0 > F(v,n) >

F(0,n)>F(0,7p?)=p*+2p— % >0, a contradiction.
Let us show that n
(8) v > ]? +p—2

Assume the contrary. Since v > 5, %F(v,n) =5—v >0, then G(n) =
F(z% +p—2,n)<F(v,n). By (7) we have

9) G(n) <0,

Using n > 7p?, we have 4p?G’ (n) =n(p*>—4)—p? (3p*>+3p—28) > p>(4p—3) > 0.
Then, G(n) > G(7p®) =5 (p*+4p+14) >0 contradicting (9).
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Let H be the subgroup generated by V and let p’ be the smallest prime
dividing [H|. By (8), [V|> J5+p—2= o +p'—2. By Lemma 2.3, Xo(V)=H.

Since |H|> J5, we see easily that ¢= % is a prime. Since G # Xy(V) +
Yo(S\H), we have G#H + Xy(S\ H). By Lemma 2.9, [S\ H|<q—2.

We have

n n n
g:|H|2|SﬂH|~|—12;+p—3—(q—2)—|—1:;+p—q,

which implies p=gq and 7 =|H[=[SN H[+1. Hence, [S\ H|=p—2. Then
Lemma 2.9 implies (ii). ]

5. Large sets

The characterization of large sets S C G\ {0} for which ¥(S) # G can be
accomplished in a similar way to the above results with some additional
restrictions on n and its smaller prime divisor. More precisely, we prove the
following Theorem.

Theorem 5.1. Let G be a finite abelian group with order n = ph, where
p>5 is the smallest prime dividing n. Assume that n > 15p® and that h is
composite.

Let S be a subset of G\{0} such that |S|> %5 +p. Then the following
conditions are equivalent.

(i) () £G.

(ii) There is a subgroup H of order h such that

IS\H|<p—2and X(S\ H)+ H # G.

Proof. Obviously (ii) implies (i).

Suppose X(S)#G. By lemma 2.4, n>15p? implies X(S)=Xy(9).

Put ko=|S|/2]. Let S’ be a subset of S with cardinality 2ky and partition
S’ into two sets S’=XUZ such that | X|=|Z|=ko and XN—-X=ZN-Z=0).
Since G # Xo(5") = Xo(X) + Xo(Y) we have, by Lemma 2.1, | Xy(X)| +
|X0(Z)| <n. Therefore we may assume that

(10) 2/ 50(X)| < n.

Suppose that X generates a proper subgroup H of G. Since |H|>2|X |+
1> %5 +p and n is odd, we have [H|=n/p.
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Let p’ be the smallest prime dividing |H|. Since [X|> % +p'—1, we have
Y(X)=H. We have Xy(S\H)+H # G, since otherwise G=X (X )+X,(S\H) C
Yo(S)=2X2(S). By Lemma 2.9,

IS\H|<p-—2.

This proves (i) when (X)#G.

Suppose now that (X) = G. By Corollary 2.8 there is V' C G such
that (V) # G verifying (4). Put v = |V| and let Fy(v,n,r) = 16v +
(r—v—=1)(r+v+5)—2n—2. By (10) and (4), we have

Fy(v,n,ko(n)) =16v + (kg —v—1)(ko +v+5) —2n —2 < 0.

Set k(n) = %. We have k(n) < ko(n). We shall write sometimes k
instead of k(n). We clearly have F(v,n) = Fy(v,n,k(n)) < Fy(v,n,ko(n)).

Therefore
(11) 0> F(v,n) = —v? + 10v + k*(n) + 4k(n) — 2n — 7.

We shall show that v>5. Suppose on the contrary that 0 <v <4. We have
L F(v,n)=2k(n)k (n)+4k'(n)—2>0 for n>15p?, and 2 F(v,n)=10-20>0.
Now, by (11), we have

~ 136p* — 320p® — 211p? — 86p — 95
N 4(p +2)? ’
Using p > 3 we easily see that the right hand size is positive, a contradiction.

Let us now show that n
(12) v > ]? +p—2

0> F(v,n) > F(0,n) > F(0,15p%)

Assume the contrary and set G(n) :F(z%—}—p—Q,n). Since 5 <v < J5+p—2
and 2 F(v,n)=10—2v, (11) implies
(13) G(n) <0.
We have 2(p+2)%p*G’ (n) =n(p*—4p*—16p—16)—p? (3p*—15p>+5p?+96p+112).

Using p>5 and n>15p?, 2(p+2)°p'G'(n) > 2(p+2)*p* G’ (15p*) =p* (12p* +
15p> — 65p? — 144p+352) > 0. It follows that
~132p* — 400p® — 639p* — 966p — 719

0> G(n) > G(15p%) = 101 2° > 0,

a contradiction.
Let H be the subgroup generated by V and let p’ be the smallest prime
dividing |H|. By (12), [V|> Jz+p-2= o +p'—2. By Lemma 2.3, X(V)=H.
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Since [H|> 75, we sce easily that = % is a prime. We have X' (S\H )+H #
G, since otherwise G=X(V)+X(S\ H)C ¥ (S). By Lemma 2.9,

[S\H| <q-—2.
We have ¢=p, since otherwise,
15)<yg-3< " 1po1
=7 q =2 p )

a contradiction. This completes the proof. |
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